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Abstract 

C ■ . We construct the D=3,N=5 harmonic superspace using the SO(5)/U(l)xU(l) 

harmonics. Three gauge harmonic superfields satisfy the off-shell constraints of the 

£\j ■ Grassmann and harmonic analyticities. The corresponding component supermulti- 

q . plet contains the gauge field A m and an infinite number of bosonic and fermionic 

fields with the SO(5) vector indices arising from decompositions of gauge superfields 

W ' in harmonics and Grassmann coordinates. The nonabelian superfield Chern-Simons 

action is invariant with respect to the N=6 super confer mal supersymmetry realized 
on the N=5 superfields. The component Lagrangian contains the Chern-Simons 

i— — i" interaction of A m and an infinite number of bilinear and trilinear interactions of 

auxiliary fields. The fermionic and bosonic auxiliary fields from the infinite N=h 
*L , multiplet vanish on-shell. 
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1 Introduction 

Supersymmetric extensions of the three-dimensional Chern-Simons (CS) theory were dis- 
t^. \ cussed in refs. [1]-[11]. The A/=l CS theory of the spinor gauge superfield [1, 2] was 

constructed in the D=3, N=l superspace with real coordinates x m , 9 a , where m = 0,1,2 
is the 3D vector index and a = 1, 2 is the SL(2,R) spinor index. The N=l CS action can 
S^ be interpreted as the superspace integral of the Chern-Simons superform dA + |A 3 in the 

framework of our theory of superfield integral forms [3]- [5]. 

The abelian N=2 CS action was first constructed in the D=3,N=1 superspace [1]. 
The nonabelian N=2 CS action was considered in the D=3, N=2 superspace in terms 
of the Hermitian superfield V(x m ,9 a ,9 a ) (prepotential) [3, 9, 10], where 9 a and 9 a are 
the complex conjugated N=2 spinor coordinates. The corresponding component-field 
Lagrangian includes the bosonic CS term and the bilinear terms with fermionic and scalar 
fields without derivatives. The unusual dualized form of the N=2 CS Lagrangian contains 
the second vector field instead of the scalar field [10]. 

The D=3, N=3 CS theory was first analyzed by the harmonic-superspace method 
[6, 7]. Note that the off-shell N=3 and N=4 vector supermultiplets are identical [13]; 
however, the superfield CS action is invariant with respect to the N = 3 supersymme- 
try only. Nevetheless, the N=3 CS equations of motion are covariant under the 4th 
supersymmetry. The field-component form of the N=3 CS Lagrangian was studied in [8] . 

The off-shell D=3, N=Q SYM theory arises by a dimensional reduction of the D=4, N=3 
SYM theory in the SU(3)/U(l)xU(l) harmonic superspace [12]. Three basic prepoten- 
tials of the D=3, N=Q gauge theory contain an infinite number of auxiliary fields with 
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the SU(3) indices, and a coupling constant of this model has a dimension 1/2. We do 
not know how to construct the D=3, N=6 CS theory from these gauge harmonic super- 
fields. Note that the SU(3)/U(l)xU(l) analytic harmonic superspace has the integration 
measure of dimension 1 in the case D=3. 

In this paper, we consider the simple D=3, N=5 superspace which cannot be ob- 
tained by a dimensional reduction of the even coordinate from any 4D superspace. The 
corresponding harmonic superspace using the SO(5)/U(l)xU(l) harmonics is discussed 
in Section 2. The Grassmann-analytic D=3, N=5 superfields depend on 6 spinor coordi- 
nates, so the analytic-superspace integral measure has a zero dimension. It is shown that 
five harmonic derivatives preserve the Grassmann analyticity. 

In Section 3, we consider five basic gauge superfields in the D=3, N=5 analytic su- 
perspace and the corresponding gauge group with analytic superfield parameters. To 
simplify the superfield formalism of the theory, one can introduce additional off-shell 
harmonic-analyticity constraints for the gauge-group parameters and gauge superfields. 
These harmonic constraints yield additional reality conditions for components of super- 
fields. In this convenient representation, two gauge superfields vanish, and we use only 
three basic gauge superfields (prepotentials). The Chern-Simons superfield action can be 
constructed from these D=3, N=5 gauge superfields. We show that this CS superfield 
action is invariant with respect to the D=3, N=6 superconformal supersymmetry trans- 
formations realized on the N=5 superfields. The superfield gauge equations of motion 
have only pure gauge solutions, by analogy with the N—l, 2, 3 superfield CS theories. 

The field-component structure of our D=3, N=6 Chern-Simons model is analyzed in 
Section 4. In the abelian case, the basic gauge superfield includes the gauge field A m and 
the fermion field ip a in the SO (5) invariant sector, and an infinite number of fermionic 
and bosonic fields with the SO (5) vector or tensor indices. The component Lagrangian 
contains the Chern-Simons term for A m and the simple bilinear and trilinear interactions 
of other fermionic and bosonic fields. The field strength of the gauge field and all other 
fields vanish on-shell. 

The preliminary version of the D=3, N=5 harmonic-superspace gauge theory without 
the harmonic-analyticity conditions was presented in our talk [14]. This model describes 
the interaction of the iV=5 Chern-Simons multiplet with some unusual matter fields. 

2 D = 3, N = 5 harmonic superspace 

The CB-representation of the D=3, N=5 superspace uses three real even coordinates 
x m (m = 0, 1, 2) and five two-component odd coordinates 9%, where a — 1, 2 is the spinor 
index of the group SL(2,R) and a = 1, 2, ... 5 is the vector index of the automorphism 
group SO (5). We use the real traceless or symmetric representations of the 3D g m matrices 

{imY? = E a »{ lm y p = (7^, {i m U{lrnT = %$ + 6$% 

ylmlnJa \1mj a \1n) p \im)ap\1n) — Vmn^a ' ^mnpXl ) a - \"'*-) 

where r] mn = diag(l, —1, —1) is the 3D Minkowski metric and e mnp is the antisymmetric 
symbol. 

One can consider the bispinor representation of the 3D coordinates and derivatives 

x a ? = ( 7m ) a/3 x m , d aP = ( 7 m W<9 m . (2.2) 



The N=5 CB spinor derivatives are 

D aa = d aa + iePdap, d a X = 8 ah 8i (2.3) 

The N=5 supersymmetry transformations are 

5 € x m = -UZi-TUOZ, 8 e e: = C (2.4) 

We shall use the SO(5)/U(l)xU(l) vector harmonics defined via the components of 
the real orthogonal 5x5 matrix 

V? = (U^\U^\ur\ U^ 1 \U[-^) (2.5) 

where a is the SO(5) vector index and the index K = 1,2,... 5 corresponds to given 
combinations of the U(l)xU(l) charges. These harmonics satisfy the following conditions: 

U^ = g KL = g LK , g KL U«U b L = S ab , (2.6) 

9 15 = 9 24 = 9 33 = 1, 9 n = 9 12 = --- = 9 45 = 9 55 = 0, 

where g LK is the antidiagonal symmetric constant metric in the space of charged indices. 
Let us introduce the following harmonic derivatives: 

f)KL _ TjK LM g TjL KM d _ _^LK ,<y 7] 

6 ~ Ub9 ou b M Ub9 ou b M ~ d ' {2J) 

[d IJ , d KL ] = g JK d IL + g IL d JK - g IK d JL - g JL d IK , (2.8) 

which satisfy the commutation relations of the Lie algebra SO (5). We will mainly use the 
five harmonic derivatives and the corresponding U(l)xU(l) notation 

a 12 = cX 2 >°) = u { b l > l) d/du b { - l > l) - u^d/du^ 1 '-^, 

9 13 = 9(1.1) = ^(1,1)9/^(0,0) _ ^(o,o) 9/9 ^(-i,-i) > 
d 23 = tf 1 *- 1 ) = u^- x) d/dui m - U b m d/dU { b ~ hl \ 

d u = ,9(0,2) = ^(1,1)9/9^(1,-1) _ u (-i,i) d/du (-i,-i ) 

925 = 9(0,-2) = ^(1,-1)9/9^(1,1) _ t/M.-D 9/9^-1,1). 

The Cartan charges of two U(l) groups are described by the neutral harmonic deriva- 
tives 

d° = d 15 + d 2 \ d%U^ q) =pUi P ' q \ <9 2 ° = <9 15 - d 2 \ d$Ub' q) = q U ( ^ q) . (2.9) 

The harmonic integral has the following simple properties: 

dU=l, J dU U^U b { - r '~ s) = \5 ab 5 w 5 qs . (2.10) 

Let us define the harmonic projections of the N=5 Grassmann coordinates 

€ = e aa u« = (e^e-^e^e 1 ' 1 ^- 1 '- 1 ^ (2.11) 



Using the harmonic-superspace method one can define the coordinates of the N=5 
analytic superspace with only three spinor coordinates 

c=(xT,e i) ,e- i) ,e o) ), (2.12) 

X ™ = X m + ^(l'l)yn#(-l,-l) + ^(l,-l) 7 m e (-l,l) > 

SeX ™ = _j e (O,O) 7 m0(O,O) _ 2 - e (-l,l) 7 m^(l,-l) _ 3 ^(-1,-1)^(1,1) ? ( 2 .13) 

where e Xa = €^U^ are the harmonic projections of the supersymmetry parameters. 

General superfields in the analytic coordinates depend also on additional spinor coor- 
dinates 9a ' and 9a ~ . The harmonized partial spinor derivatives are 

d^- 1 '-^ = d/d9 (1 ' l)a , d a - hl) = d/d9 (1 >~ 1)a , dj°' 0) = d/d9 (0 ' 0)a , (2.14) 

0(1,1) = Q/ de (-l,-l)a^ g(l,-l) = 0/30(-l,l)«. 

Ordinary complex conjugation connects harmonics of the opposite charges 



U^ = Ui-^\ U^ l) = U[-^\ Ur ] =Ur ] - (2.15) 

We use the combined conjugation ~ in the harmonic superspace 

tt(p,q) _ Tjip-q) ai'P'i) — nip-q) ZZi — ^.m 

Ua ~ u a i Ua ~ °a i X A~ X Ai 

{9^9f r) r = 9f- r) 9^\ 7E) = /M, (2-16) 

where / is the ordinary complex conjugation. The analytic superspace is real with respect 
to the combined conjugation. 

One can define the combined conjugation for the harmonic derivatives of superfields 

(0(±i.i) A) ~ = a(±i.-i)i, (d^'-VA)" = d^A, 

(d^AT = -d^A, (d(°' ±2 U)~ = &°>**>A. (2.17) 

The analytic-superspace integral measure contains partial spinor derivatives (2.14) 

d//- 4 '°) = -^dUd^xAd^-^fid^^fid^f = dUd 3 x A dW- A >°\ (2.18) 
64 

^(-4,0)^(l,l) ) 2^(l,-l) ) 2^(0,0) ) 2 = L 

It is pure imaginary 

(^(- 4 >°))~ = -d^ A >°\ (d 6 ^- 4 '°))~ = -dW- 4 >°\ (2.19) 

The harmonic derivatives of the analytic basis commute with the generators of the 
iV=5 supersymmetry 

P (1,D = 9 (1,1) _ 1^.1)^0,0)^ _ (O,O)a 9 CL,l) + 0(1,1)^(0,0)^ 

p(l,-l) = ^(1-1) _ ^(1-1)^(0,0)^/3 _ ^(0,0)ag(l,-l) + ^(1,-1)09(0,0) = _(£>(1,1)U 

25(2,0) = [2,(1,-1)^(1,1)] = ,9(2,0) _ 2i9^9f~ 1] d a P - 9^~^ a d^ + 9^ a d^~ 1 \ 

p(0,2) = g(0,2) + g(l,l)ag(-l,l) _ ^(-l,l)ag(l,l) 

p(0,-2) = _/p(0,2)\f = g(-2,0) + ^(l,-l)ag(-l,-l) _ ^(-l,-l)ag(l,-l)_ 



Note that harmonic derivatives £>(°> ±2 ) change the second U(l) charge; these operators do 
not act on x™, in distinction with other harmonic derivatives. It is useful to define the 
AB-representation of the U(l) charge operators 

V v A (m) = p A^\ V° 2 A {p ' q) = qA {p ' q \ (2.20) 

where A^ p ' q ^ is an arbitrary harmonic superfield in AB. 
The spinor derivatives in the analytic basis are 

d^'-v = at 1 '-* + a^- 1 -- 1 )^, d^ = e i;1) + ^-^d aP , 
D m = d m + tfWWd^ £,(1,1) = 0(1,1), £,(1,-1) = 9 a,-D. (2 . 2 i) 

The analytic superfields A((, U) depend on harmonics and the analytic coordinates, 
and satisfy the Grassmann analyticity conditions 

G : £>£•="> A = 0. (2.22) 

The action of the five harmonic derivatives 

p (l,±l) ) p (2,0) ! p (0,±2) (2>23) 

preserves this G-analyticity. 

3 Chern-Simons model in TV = 5 analytic superspace 

Using the harmonic-superspace method [12] we introduce the D=3, N=5 analytic matrix 
gauge prepotentials corresponding to the five harmonic derivatives (2.23) 

v<*«\<z,u) = [v( 1 > 1 \ v^- l \ v^°\ v^% 

(y(i,i))t = -y(i--i), (\/( 2 '°))t = \/ (2 ' 0) , V {Q '- 2) = [V {0 ' 2) }\ (3.1) 

where the Hermitian conjugation f includes ~ conjugation of matrix elements and trans- 
position. The infinitesimal gauge transformations of these prepotentials depends on the 
analytic ant i- Hermitian matrix gauge parameter A 

5 A V^ = V^A + [y (1)±1) , A], 5 A V™ = p( 2 >°>A + [V^°\A], 
5 A V^ = p(°' ±2 )A + [V^ ±2 \ A]. (3.2) 

We shall consider the restricted gauge supergroup using the supersymmetry-preserving 
harmonic (H) analyticity constraints on the gauge superfield parameters 

HI : £> (0 - ±2) A = 0. (3.3) 

These constrains yield additional reality conditions for the component gauge parameters. 
We use in this paper the harmonic-analyticity constraints on the gauge prepotentials 

H2 . y(0,±2) =Q) p(0 ) -2) y (l,l) = y(l 1 -l) j p(0,2) y (l,l) = (3.4) 

and the conjugated constraints combined with relations (3.1). It is evident that the G- and 
if-analyticities of the prepotentials are preserved by the restricted gauge transformations 
(3.3). 



Now we have only three gauge prepotentials in complete analogy with the algebraic 
structure of the gauge theory in the N=3, D—A harmonic superspace [12]. The superfield 
CS action can be constructed in terms of these if-constrained gauge superfields 

S = -— o fd^-^TT{V 2 '°V^-^V^ + l^lpfrOjyCl,-!) 

3g 2 J 

+ yl,-lp(l,l)y(2,0) + y2,0^(l,-l) ) ^(1,1)] _ 1^(2,0)^(2,0)^ ( 35 ) 

where g is the dimensionless CS coupling constant. 

The corresponding superfield gauge equations of motion have the following form: 

p3,-l = p(l,-l)y(2,0) _ p(2,0)y(l,-l) + ^(1,-1)^(2,0)] = Q> 

F 3,l = p (l,l)y(2,0) _ £,(2,0)^(1,1) + ^(1,1)^(2,0)] = 0> ( 36 ) 

y(2,0) = p(i,-i)y(i,i) _ p(i,i)y(i,-i) + ry(i-i) y(i,i)l = y-(2,o)_ (37) 

The last prepotential can be composed algebraically in terms of two other basic super- 
fields. Using the substitution \/( 2 > ) — ► V^ 2 ^ in (3.5) we can obtain the alternative form 
of the action with only two independent prepotentials V 1 ' 1 and V 1 ' -1 

3g 2 J 
+1 ( P (i,-i)y(i,i) _ p(i,i)y(i,-i) + [ya.-i)^ y(Li)]) 2 }. (3.8) 

It is evident that the superfield action (3.5) is invariant with respect to the sixth 
supersymmetry transformation defined on our gauge prepotentials 

6 6 \y( 1 > ±1 \V<- 2 > ')] = (%DS>°'>\y( 1 > ±1 \V<W'>], (3.9) 

where e@ are the corresponding spinor parameters. Thus, our superfield gauge model 
possesses the D—3, N=6 supersymmetry. 

The D=3, N=5 superconformal transformations can be defined on the analytic coor- 
dinates. For instance, the special conformal .^-transformations are 

£ ™«/3 _ 1 «7 u f3p _i_ 97 a/3 

u k J - 1 A 2 A n "jp J -'A ' h ^ A 1 

s k e^ a = ixfeQ'^kfr, (3.io) 

s k e^ a = \xfe^kfr + \{e^fe^%, (3.11) 

where k a p = k m ( , ~f m ) a j3 are the corresponding parameters. The ^-transformations of the 
harmonics have the form 

<W (0,0) = -Ai 1 ^^- 1 '^ - xZ'-M- 1 *, W (1,1) = x^ui m + ^ 0) ut 1A \ 

S k U^ = X^U^ - ^Ut 1 ^, 5 k ut^ = 0, (3.12) 

The special supersymmetry transformations of all coordinates can be obtained via the Lie 
bracket 5 V = [5 e ,S k ]. 

It is easy to check that the analytic integral measure /i* -4 ' ) (2.18) is invariant with 
respect to these superconformal transformations. 
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The special conformal transformations of the harmonic derivatives have the following 
form: 

<J fc p(M) = -iAJ^p? + V%) - X^- 1] V^ 2 \ 

4pd-D = -lA^ 1 '- 1 ^? - V° 2 ) - X^V^- 2 \ 

5 k V^ = \f^V° 2 + \^~ l) V^ - \^ l) V^- l \ (3.13) 

5 k V^ = 5 k V^ = 0, 8 k V* = 8 k V Q 2 = 0, 

and the SO (5) and special supersymmetry transformations can be defined analogously. 
The i^-transformations of the gauge prepotentials are 

8 k vM = o, 4^ (1 '" 1} = o, 

8 k V™ = A^V 1 ^ - A^ 1 ' V 1 - 1 ) = 5 k V^°\ (3.14) 

where V^ 2 ' ) is the composite prepotential (3.7). 

It is easy to check directly the super conformal invariance of the gauge actions S (3.5) 
and S 2 (3.8). 

The classical superfield equations (3.6) and (3.7) have only pure gauge solution 

y{l,±l) = e -Ap(l,±l) e A j ^(2,0) = e -Ap(2,0) e A j (3^ 

where A is an arbitrary anti-Hermitian matrix superfield satisfying the conditions (3.3). 

4 Harmonic component fields in the N = 6 Chern- 
Simons model 

Let us consider the U(l) gauge group. The pure gauge degrees of freedom in the abelian 
prepotential V^ 1,1 -* can be eliminated by the transformation SV^ 1 ' 1 ^ = P^'^A. In the 
WZ-gauge we have A\yz = ia{x A ). The harmonic decomposition of the iJA-constrained 
prepotential yt 1 ' 1 ) in the WZ-gauge has the following form: 

v$$ = vr ] + v™ + o(u% v^v^ = -\y™]~, 

v^' l) = (e^ 1 h m e^)A m + i(e^) 2 e^ a ^ a , (4.1) 

^(1,1) = ^(P,0))2 U (l,l) Ba + (0(1,1)^(1,-1)^-1,1)^ 

+ ^(U)(^(i,-i)^(o,o)%H,i)^^ + ^(i,-i) (o,o) )0 (i,i) a[/ (-i,i) e « 
-i(6)( 1 - 1 )6)( ' ))6)( 1 - 1 ) a [/(- 1 ' 1 )^ a + i(6)( 1 ' 1 )) 2 (6)( ' )) 2 C/(- 1 - 1 )i? a 

+i ( (l 1 l) e (l,-l))( e (O 1 O) ) 2^-lA) a ^ + i ( (lA) 7 m (l,-l))( e (O,O) ) 2^-lA) G « i> (4.2) 

where all terms are parametrized by the real off-shell bosonic fields A m , B a , C^, R a and 
G^ or the real Grassmann fields ip a ,^^g and ££. The higher harmonic terms in V^' z 
contain an infinite number of the SO (5) tensor fields. In the gauge group SU(n), all 
component fields are the Hermitian traceless matrices. 

Two other U(l) prepotentials contain the same component fields in the WZ-gauge 

Vftr 1 ' = V^V™ = V^ l) + V} 1 '-* + 0(U 2 ), (4.3) 



The superfield terms 

Tr [v^ 1] v^v^- 1] + K^ 1 '- 1 )^ - v^vi h - 1] + [y (1 '- 1} , \/ (1 ' 1} ]) 2 ] 

in the action S2 (3.8) yield the following contribution to the component Lagrangian: 

L = s mnr TrA m (d n A r + f [A n , A-]) - fTr^Va- (4.4) 

The superfield terms 

Tr {V^V^V} 1 '^ + K^W)^ 1 . 1 ) _ p(i.i) Vi (i.-i) + [ Ko (i.-D > ^d.1)] + [Ki (i,-D > y (1 ' 1} ]) 2 } 
+T>{(p(W)ya.i)_p(U)y o (i.-i))[y i (i.-i) j y i (i.i)]} (4.5) 

give us the Lagrangian for the SO (5) vector fields 

L x = iTrC^cTBa + i[A m , B a }) - ^Tr C a m G™ - |Tr 5 a i? a 

+|TrCU - ^Tr*^*^. (4.6) 

It is not difficult to construct the component Lagrangian for the SO (5) tensor fields. 
The N=Q CS equations of motion for the lowest SO (5) component fields are 

e mnr (d n A r -d r A n + t[A n ,A r ]) = 0, Va = C a m = B a = R a = G a m = ^ = K^ = °- ( 4 - 7 ) 

All SO(5) tensor auxiliary fields also vanish on-shell. The superfield representation of this 
pure gauge solution in the WZ-gauge is 

V$f l) = e- ia V (1 ^e ta , V^f = e~ ia V^e ia . (4.8) 

5 Conclusion and acknowledgements 

We considered the superfield model with the D=3, N=6 superconformal supersymmetry. 
The action of this model is constructed in the N=5 harmonic superspace using the Grass- 
mann and harmonic analyticity conditions. The classical superfield equations of motions 
for the analytic Chern-Simons gauge prepotentials have the pure gauge solution only. In 
the field-component representation, the action of this model contains the Chern-Simons 
term for the vector gauge field and an infinite number of the interaction terms for the 
auxiliary bosonic and fermionic fields. All auxiliary fields vanish on-shell. The superfield 
representation is useful for the quantization and perturbative calculations. 

Note added in proof. P.S. Howe informed me that the harmonic-superspace de- 
scription of the N=5, 6 Chern-Simons theories was considered in the paper [15]. It should 
be stressed that our harmonic constraints (3.3) reduce the SO(5)/U(l)xU(l) space to the 
SO(5)/U(2) space proposed in [15]. 

I am grateful to E.A. Ivanov for interesting discussions and to P.S. Howe for the 
important comments. This work was partially supported by DFG grant 436 RUS 113/669- 
3 , by RFBR grants 06-02-16684 and 06-02-04012, by INTAS grant 05-10000008-7928 and 
by grant of the Heisenberg-Landau programme. 
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